Eigenmode analysis of a magnetic shear localized ideal interchange mode indicates a marginal stability condition consistent with the Suydam ͑and Mercier͒ criterion. However, the linear eigenmode analysis shows that it is not a very restrictive condition because the mode growth rate is exponentially small just above the marginal stability condition and the modes are easily stabilized by finite ion Larmor radius ͑FLR͒ effects. This suggests that for practical applications to toroidal confinement experiments, the Suydam-Mercier criterion does not introduce a restrictive condition for operational limits. The criterion for robust growth appears to be almost a factor of two greater than the Suydam criterion. It is also shown that even the presence of usual nonideal effects ͑FLR, electron diamagnetic flow and resistivity͒ does not alter this higher criterion for robust growth.
I. INTRODUCTION
Magnetohydrodynamics ͑MHD͒ is quite successful in determining macroscopic equilibrium properties and linear stability boundaries of a toroidal magnetically confined plasma. The theoretical stability boundaries are defined using an energy principle approach for which stability is analyzed by examining the sign of ␦W, where ␦W is the change in potential energy caused by a small perturbation. The system is stable if ␦Wу0 for all allowable displacements satisfying the relevant boundary conditions. The stability condition for a localized ideal interchange mode in a cylindrical plasma is known as Suydam's criterion, 1,2 which is D I р1/4, for stability. ͑1͒
Here, the driving term for instability is D I ϵϪ(8p 0 Ј/ B z 2 r s )(q/qЈ) 2 ϵ␤L s 2 /r p R c in which 1/L s ϵ(1/R 0 q)(rqЈ/q), ␤/r p ϵϪ8 P 0 Ј/B z 2 and R c is the average magnetic-field curvature radius. In a toroidal geometry, the stability regime is given by the Mercier criterion, 1,3 again with D I р1/4 for stability. For an axisymmetric tokamak in the limit of large aspect ratio, small ␤ and circular cross-section, the form of D I in the Mercier criterion is D I ϭϪ(8p 0 Ј/B 2 r) ϫ(q/qЈ) 2 (1Ϫq 2 ). 1, 4 In these derivations, the mode is assumed to be localized arbitrarily close to the mode rational surface.
The above criteria, derived using the energy principle, do not provide any information about the properties of the unstable mode once the threshold is exceeded. Earlier, attempts have been made to solve the linear eigenmode equation for the localized ideal interchange mode in the context of stellarators and pinches using cylindrical models.
5, 6 Those analysis indicated that the growth rate is exponentially small for D I Ͼ1/4 and that the mode can be easily stabilized by finite ion Larmor radius effects. However, in the presence of plasma electrical resistivity, resistive-g or resistive interchange modes become unstable for D I Ͼ0. [7] [8] [9] The growth rate of the resistive interchange mode scales as ␥ϰ
where is the resistivity. In the presence of electron diamagnetic and ion finite Larmor radius effects, the growth rate of resistive interchange mode is significantly reduced. 8 In this paper, we describe an analysis of linear stability properties of ideal and resistive interchange instabilities using a simple sheared slab model. Here, all the relevant effects such as ion finite Larmor radius effects, plasma resistivity and electron diamagnetic flow effects are included in one coherent ''simple'' slab model. We show, both analytically and numerically, that the growth rate of a localized ideal interchange mode is exponentially small for D I well above the marginal stability condition and is easily stabilized by the ion finite Larmor radius ͑FLR͒ effects. The effective stability criterion appears to be D I Շ0.4-0.5 rather than the Suydam criterion D I Ͻ1/4. A physical interpretation of these results is given in terms of the energy principle.
In the presence of dissipative effects such as resistivity, the eigenmode structure changes significantly. The reason is that the singular layer is resolved by the resistive layer rather than by the inertial layer as in ideal MHD case. Since resistivity changes the eigenmode structure, an energy principle analysis is no longer valid. Our eigenmode analysis for the resistive interchange instability indicates that the mode grows on a resistive time scale similar to that of equilibrium evolution, in the presence of electron diamagnetic and finite Larmor radius effects. Thus, it seems that even in the presence of nonideal effects such as resistivity, electron diamagnetic flow and ion finite Larmor radius, the criterion for a robust ͑ideal MHD-like͒ growth is greater than the Suydam's criterion by almost a factor of 2. This paper is organized as follows. Section II describes the basic model used for studying the localized ideal and resistive interchange instabilities. In Sec. III, the eigenvalue equation for the ideal interchange mode is solved both analytically and numerically. The resistive interchange instability is discussed in Sec. IV. Finally, conclusions are presented in Sec. V.
II. BASIC MODEL
We consider a sheared slab model where the magnetic field is locally represented by
͑2͒
Here ê x , ê y , and ê z are unit vectors along x, y and z, L B ϭ(d ln B/dx) Ϫ1 is the scale-length of the perpendicular gradient of magnetic-field strength, L s ϭB(dB y /dx) Ϫ1 is the magnetic shear scale length and ϭϪ1/R c is the curvature of the magnetic field. Here, R c Ͼ0 represents good curvature and R c Ͻ0 represents bad curvature. In equilibrium, the radial force balance equation
On the other hand, in the direction parallel to the equilibrium magnetic field, pressure is constant, i.e., ٌ ʈ P 0 ϭ0.
To derive an eigenvalue equation for ideal and resistive interchange instabilities, we consider a low ␤ plasma ͑i.e., ␤Ӷ1͒, which allows us to neglect the compressional component of magnetic-field perturbations. Thus, we can write E ជ Ќ ϭϪٌ ជ Ќ 1 and E ʈ ϭϪٌ ʈ 1 Ϫ(1/c)‫ץ‬A ʈ /‫ץ‬t where 1 is the scalar potential perturbation and A ʈ ͓ϵ(A ជ 1 •B ជ )/͉B͉͔ is the parallel vector potential perturbation. We also assume that the plasma is incompressible ͑i.e., ٌ ជ
•V ជ ϭ0͒, which eliminates sound wave coupling. Then, the linearized MHD equations, in the presence of nonideal effects such as resistivity, electron diamagnetic and ion finite Larmor radius, are
where J ʈ ϵ(B ជ •J ជ 1 )/͉B͉ is the parallel component of the current perturbation, V ជ * e ϵϪ(cT e /eB 2 )B ជ ϫٌ ជ ln P e0 is the electron diamagnetic flow and V ជ * i ϵ(cT i /eB 2 )B ជ ϫٌ ជ ln P i0 is the ion diamagnetic flow. The lowest order ion finite Larmor radius effects are derived by taking into account the gyroviscous part of ion stress tensor and they enter via diamagnetic flow effects in the polarization current. 10 The electron diamagnetic and resistive effects are included by taking into account electron pressure and resistive terms in the parallel Ohm's law. Here, an adiabatic equation of state is considered for both electrons and ions. The subscript 0 represents equilibrium quantities while the subscript 1 represents linear perturbations.
With perturbations of the form
where * e ϵk y a s c s /r p is the electron diamagnetic frequency, * i ϵϪ * e is the ion diamagnetic frequency, a s ϵc s /⍀ i is the ion Larmor radius at electron temperature T e , c s ϵͱT e /m i is the sound speed, V A ϵB/ͱ4 m is the Alfvén speed, ⍀ i ϵeB/m i c is the ion gyrofrequency, r p ϵ͉d ln P/dx͉ Ϫ1 is the pressure gradient scale-length and ϵT i /T e . Here, we have dropped subscript 1 from the potential perturbations ͑͒.
III. IDEAL INTERCHANGE INSTABILITY
In the absence of nonideal effects, i.e., resistivity, electron diamagnetic and finite Larmor radius ͑FLR͒ effects, the eigenvalue equation for the ideal interchange mode can be obtained by combining Eqs. ͑6͒ and ͑7͒
Here, we have assumed 1/r p (x)ϭ(1/r p o )(1Ϫx 2 /L 2 ). In the small ͑or no͒ magnetic shear case, this eigenvalue equation becomes a Weber equation. 11 In the limit k y Lӷ1, the mode is always unstable for a magnetic hill ͑bad curvature͒ with a growth rate ␥Ӎc s /ͱR c r p o . This is a valid model for a magnetic mirror 12, 13 and an octopole with no magnetic shear. 14 On the other hand, in most toroidal plasmas typically
2 , magnetic shear dominates, r p (x) Ӎr p o and the eigenvalue equation can be written in the normalized form:
Here, we have defined a normalized distance Xϵk y x and
The terms with coefficient 2 arise from the divergence of the polarization current, X 2 represents the magnetic-field line bending terms brought about by magnetic shear and D I is the combination of the pressure gradient and curvature effects which represents the source of free energy. This equation can be derived from the standard screw pinch model, given by Eq. ͑9.45͒ of Ref. 1, for an incompressible or low ␤ plasma where the coupling to sound waves is negligible.
We now solve the eigenvalue equation, Eq. ͑9͒, analytically using a matched asymptotic analysis method. 15 The matching procedure is valid for ͉ 2 ͉Ӷ1. 
where
and U is Kummer's confluent hypergeometric function. In the inner region, i.e., ͉X 2 ͉ϳ͉ 2 ͉, with ZϭX 2 / 2 and 2 Ӷ1, Eq. ͑9͒ reduces to
which is a hypergeometric equation 16 whose general solution is
Here aϭ1/4ϩi/2, bϭ3/4ϩi/2 and a* and b* represent complex conjugate of a and b, respectively. The choice of the coefficients A i , B i depends on the parity condition at X ϭ0. For even modes, the boundary condition at Xϭ0 is d/dXϭ0, which demands that B i ϭ0. For odd modes, the boundary condition at Xϭ0 is ϭ0, which ensures that A i ϭ0. Here, we consider only the even mode solution because it is the most unstable mode. Next, we match the inner i and the outer o solutions in their overlap region (͉X͉ϳ͉ ͉). The inner limit of the outer solution ͓Eq. ͑11͒ with X→0͔ is
and the outer limit of the inner solution ͓Eq. ͑14͒ as X→ϱ͔ is
where ⌫ Ϯ ϭ⌫(Ϯi). Matching the inner limit of the outer solution to the outer limit of the inner solution results in the eigenvalue equation
This gives a purely growing mode with normalized growth rate (␥ MHD 2 ϵϪ 2 )
͑18͒
where ⌰(͉͉)ϵarg͓⌫(i͉͉)͔ϩarg͓⌫(1/4Ϫi͉͉/2)͔ is a function of ͉͉ that asymptotes to zero as ͉͉→0. The above expression indicates clearly that as marginal stability is approached from the unstable region, D I →1/4 (͉͉→0), the normalized growth rate ␥ MHD Ϸexp(Ϫ/͉͉)→0. Thus, the expression for the normalized growth rate gives a marginal stability condition consistent with the Suydam criterion.
1,2
Similar results have also been observed in Refs. 5 and 6 in more complicated magnetic-field geometries. Additionally, we have solved the full eigenvalue equation, Eq. ͑9͒, numerically using a shooting method with boundary conditions ϭ0 at Xϭϱ and d/dXϭ0 at X ϭ0. The analytical results agree very well with numerical results for ␥ MHD 2 Ӷ1, as shown in Fig. 1. Figure 1 Since the mode width is very narrow for small D I , finite ion Larmor radius ͑FLR͒ effects become important. Their effect is included by taking into account the gyro-viscous part of ion stress tensor. In the limit ka i Ͻ1, the ion finite Larmor radius ͑FLR͒ effects enter as a diamagnetic flow effect in the polarization term and the eigenmode equation becomes
Here, 
where ␥ MHD ͓ϵ␥ MHD /(V A /L s )͔ is given by Eq. ͑18͒ and c i ϵͱT i /m i is the ion thermal speed. An example of FLR stabilization effects on the ideal interchange mode is shown in Fig. 1 by the dashed line. Here, FLR effects stabilize the ideal interchange mode for D I ϳ0.4-0.5 while for large D I they have negligible effect. Near marginal stability, modes oscillate at the ion diamagnetic frequency, as indicated by Eq. ͑20͒. The eigenmode function remains the same as that in the case of the ideal interchange mode and its mode width is a few times that of the normalized growth rate ␥ MHD for ideal interchange instability. Thus, we can write
where C is always greater than 1 ͑cf. Fig. 2͒ . Thus, the condition k x a i ϳa i /⌬xӶ1, in the above model for including the finite ion Larmor radius as only the diamagnetic flow effect in the polarization term, can be easily validated for the unstable case if k y a i ϽC␥ MHD . For example, with D I ϭ0.5, the interchange mode is unstable even in the presence of finite ion Larmor radius effects with ideal MHD growth rate ␥ MHD ϳ0.04 and Cϳ5. This means that k y a i Ͻ0.2 is required for the validity of our model at this marginal point, which is clearly satisfied in our case ͑cf. Fig. 1͒ .
Relation to the energy principle
In order to relate the above results to those with the usual energy principle approach, we now obtain a quadratic form for an ideal interchange mode by multiplying Eq. ͑9͒ by and integrating over X. For a purely growing mode, i.e., ϵi␥ MHD , we obtain
Here, the numerator is the change in potential energy while the denominator is the change in kinetic energy. The first term in the numerator is the free energy source term due to the combination of pressure gradient and curvature effects while the second term is the stabilizing magnetic field line bending term. 
IV. RESISTIVE INTERCHANGE MODE
In the presence of plasma electrical resistivity, the normalized coupled equations for the scalar potential ͑͒ and the vector potential (A ʈ ) are
Here, we have used the same normalization as before, plus ϵk y 2 (c 2 /4)/(V A /L S )ϵk y 2 a 2 /S. The parameter is the normalized damping frequency due to plasma resistance, Sϵ / A is the Lundquist number, ϵa 2 4/(c 2 ) is the resistive skin time across the plasma and A ϵL S /V A is the characteristic Alfvén wave time.
A. Weakly resistive case
In the weak resistive case with ‫ץ‬ 2 ‫ץ/‬ 2 Xϳ͉ Ϫ * ͉ Ӷ1, Eqs. ͑22͒ and ͑23͒ can be Fourier transformed into the following second-order differential equation:
Here, we obtain an analytical solution of the above equation using a matched asymptotic method. This solution is valid only for D I Ͻ1/4. In the region kϽ1 with Ͻ␥ , the solution of the above equation is given by a hypergeometric function. Its asymptotic form for large k is 
In the absence of electron diamagnetic and ion finite Larmor radius effects, the growth rate for modes with
. ͑26͒
In the presence of significant FLR and diamagnetic effects with ␥ Ͻ * , the mode is purely growing with normalized growth rate
Note that this growth rate is on the slow time scale of the resistive equilibrium evolution of the plasma and is independent of wave number.
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B. Highly resistive case
In the resistivity dominated case, i.e., ⌬ Ќ 2 ӷ Ϫ * , Eqs. ͑22͒ and ͑23͒ can be combined into a Weber equation
In the limit D I ӷ ( ϩ * ), the dispersion relation for the most unstable mode becomes
In the absence of ion finite Larmor radius and electron diamagnetic effects, the normalized growth rate of the resistive interchange mode is
.
͑30͒
On the other hand, in the presence of ion finite Larmor radius and electron diamagnetic effects with ␥ Ͻ * , the normalized growth rate of the resistive interchange mode is
This result implies that in the presence of electron diamagnetic flow and finite Larmor radius effects, the resistive interchange mode grows on a slow time scale similar to that of equilibrium and that it is also independent of the wave number, similar to Refs. 7-9. We have also solved Eqs. ͑22͒ and ͑23͒ numerically for different values of D I and S. Figure 4 shows that in the presence of resistivity, the interchange mode gets destabilized for D I Ͼ0. Enhancement of the growth rate is observed with decreasing Sϰ1/ and this effect is more prominent at small D I . For small D I , the growth rate varies as S Ϫ1/3 , similar to the analytical result given by Eqs. ͑26͒ or ͑30͒ and is shown by the dashed lines in Fig. 4 . For large D I , the growth rate is approximately the same as that for the ideal interchange instability ͑shown by the solid line͒. In Fig. 5 , we show that the electron diamagnetic and ion finite Larmor radius effects have a stabilizing effect on the resistive interchange mode for Sϭ10 7 and k y a s ϭ0.02. The normalized growth rate is significantly reduced for small D I (D I Շ0.4), while it has little or no effect for large D I (տ0.5), especially for Lundquist number, Sտ10 6 .
V. CONCLUSIONS
In this paper, we have investigated the linear eigenmodes for localized ideal and resistive interchange modes in a simple sheared slab geometry. For the ideal interchange mode, a marginal stability boundary is observed at D I ϭ1/4, which is in agreement with the Suydam criterion.
1,2
However, this stability boundary is not a very restrictive condition due to an exponentially small growth rate for values of D I well above the marginal stability condition. Since the ideal MHD growth rate is small, the interchange mode can be easily stabilized by the finite ion Larmor radius effects. A connection between these results and the energy principle approach is made by using a quadratic form for the ideal interchange mode. This analysis indicates that for D I close to the marginal stability condition, the change in kinetic energy is very large because the mode is highly localized around Xϭ0 ͑cf. Fig. 2͒ , while the potential energy released from the pressure gradient is very small; hence the normalized growth rate ␥ MHD is negligibly small. For large D I , the released potential energy varies quadratically with D I , while the change in kinetic energy is nearly constant. This results in a linear variation of ␥ MHD with D I and is approximately given as ␥ MHD Ӎ0.6(D I Ϫ0.46) for D I Ͼ0.5. Due to the stabilizing effect of ion finite Larmor radius effects, the effective stability criterion for localized interchange instability with a robust MHD-like growth rate appears to be D I Շ0.4-0.5, not the Suydam criterion D I Ͻ1/4.
In the presence of the resistivity, resistive interchange instability gets destabilized for D I Ͼ0. In the weak resistivity case ( ϳ /⌬ x 2 Ͼ ), the normalized growth rate is ␥ ϭ͓k y ␣͔ 2/3 S Ϫ1/3 while in the resistivity-dominated case (
. The growth rate of these modes is significantly reduced in the presence of electron diamagnetic and ion finite Larmor radius ͑FLR͒ effects. Our analysis clearly shows that the nonideal effects such as resistivity, electron diamagnetic and ion FLR effects have a major effect only for small D I (Շ0.4). In the presence of electron diamagnetic flow and ion finite Larmor radius ͑FLR͒ effects, the growth rate of the resistive interchange instability is proportional to resistivity ͑͒. It means that the mode grows very slowly, on the resistive equilibrium evolution time scale. For large D I (տ0.5), the normalized growth rate is similar to that of an ideal interchange mode ␥ MHD . Thus, we conclude that even in the presence of resistivity, the normalized growth rate of the interchange mode is negligible close to D I ϭ1/4 due to the stabilizing effect of electron diamagnetic flow and ion finite Larmor radius effects. Hence, with or without the nonideal effects such as resistivity, electron diamagnetic and ion finite Larmor radius effects, the effective criterion for robust ideal MHD instability (␥ MHD Ͼ0.03) is D I տ0.5, a factor of about two greater than Suydam's instability criterion (D I Ͼ1/4).
Despite the long standing expectations that the Mercier criterion defines an operational limit for toroidal devices, there has been no definitive experimental evidence to support this. Indeed, indications from Stellarator experiments show that there is no observed degradation in the plasma properties when operated in regimes where D I Ͼ1/4. 17 The calculations presented in this work offer a possible explanation. As suggested here, it would be of interest to compare experimental operation as D I transitions from marginal stability to higher values (D I տ0.45), where more virulent instability is indicated.
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This work was supported by the U.S. Department of Energy under Grant No. DE-FG02-86ER53218. FIG . 4. In the presence of resistivity, the growth rate increases with decreasing Lundquist number S as shown by ϩ (for Sϭ10 7 ) and ϫ (for S ϭ10 5 ). Here, the solid line represents the growth rate for the ideal interchange mode and the dashed line represents the analytical result given by Eq. ͑30͒. For small D I (Շ0.4), the growth rate is similar to that of the resistive interchange instability ͑as shown by dashed lines͒; however, for large D I resistivity has a negligible effect on the ideal mode, particularly as S increases.
FIG. 5. Ion finite Larmor radius and electron diamagnetic flow effects have a stabilizing effect on the resistive interchange mode. The solid line represents the growth rate of the resistive interchange mode with Sϭ10 7 and ϩ shows the effect of electron diamagnetic and finite ion Larmor radius effects with k y a s ϭ0.02.
